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Reminder
Basic Definitions

e A topology is a set X (the universe)
and a collection t of subsets of X (the
open sets) such that:

e T contains X and &

e The union of any collection of
elementsoftisin T

e The intersection of any finite number
ofelementsoftisin Tt




Reminder
Basic Definitions

e The complement of a subset A of X,
which we will note by A’ is defined as X
\ A.

Smp ople write Ac for

complemen ofas .In rd
avoid confus whh clos
f the

e The complement of an open se :on;ﬂe_n: st
closed.




Reminder
Basic Definitions

e A set can be both closed and ope
(specifically, both X and & are bojEsRiErn
closed and open in any topology) |

e g set can also be neither closed nor
open.




Reminder
(Very) Basic Properties

e (AUB)Y=A'NB
e X\(AUB)=X\ANX\B

e VXxXEXAXE(AUB) <=
XEXANXEAANXEB
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Reminder
(Very) Basic Properties

e (ANB)Y=A'"UB’
e X\(ANB)=X\AUX\B

e VXXEXAXE(ANB) <=
XxXEXA(xXE L e B )




Reminder
Basic Definitions

e Given a set A, the interior Ac of A is
the union of all open sets O such that O
C A.

e Given a set A, the closure A-of A is the
intersection of all closed sets C such
that A C C.

e Evidently, we have Ac C A C A-




Reminder
Basic Definitions

e Evidently, we have Ac C A C A-

e The boundary of A, 0A is defined as A-
\ A




Reminder
Example 1
X = {a,b,c,d,e}
T = {J,X,{a},{c,d},{a,c,d},{b,c,d,e}]
v’ = {,X,{b,c,d,e},{a,b,e},{be},{a}]

A ={a,b}

Ac={al U = {a])

A-=XMN{a,b,e} ={a,b,e]}
O0A ={a,b,e} \ {a} = {b,e}




Reminder
Example 2
X ={a,b,c,d,e}
T = {J,X,{a},{c,d},{a,c,d},{b,c,d,e}]
v = {J,X,{b,c,d,e},{a,b,e},{b,e},{a})]

A ={c,d}

Aco={c,d} U D = {c,d}

A-=XMN{b,c,de} = {b,c,d,e}

0A = {b,c,d,e} \ {c,d} = {b,c]




Reminder
Example 1
X =<0,0>-<5,5>
T = {J,<0,56><,{b,c,d}]}




Reminder
Example 1

e Approximating
a circle using
rectangles
(fortunately we
have infinite
unions)
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Regular Open Sets

Regular open Not reg. open

e A isregular open
iff A=A0

e roughly speaking,
this means no
“holes” and no
“cracks”




Regular Sets

e Suppose A is a regular open set, that
is A =Ao,

e Thus we have, for its complement A’
that A'/= A © = = o

e In addition, we have A- = Ao

e In other words, both A" and A s

closed sets. Given a regular
losed

Pe gu1 aIP C].O S e d- ° gc?riile?rirﬁt’ :noc:r:tgsinteri rrrrr
regular open.




Combinations

e (Given a region variable A, how many
(potentially) different regions can we
construct using the closure, interior
and complement relations?

e Our possibilities are limited by the fact
that a double complement is the
identity function and that the closure
and interior operations are
idempotent.




Combinations

Equivalences
e A=A

e Aoo= Ao

s A4

o Ao-0- = AO-
o A00= A0

e Non-equivalent
e A
e A-, Ao
¢ A0 Ao
o A0~ A0

e and their
negations




Combinations

= 0] L5
N\ B A
A Ao

/A.'O—>\A/_’o— - ,6’0 0
A 4_’.A.’ o) — )
0 . 0

. o /\ i
5 A0 e RO« A 0O

. |
Al_ 0] AI_O<_AI_O_
— : closure A/ V. A/

'+ complement g 0 -

O : interior




Combinations

/N

«—— A-O-

AIO_(__

\/ 0)
N
AO—<_—
O
Regular Closed
O : interior e A'-0-
—: closure E

'+ complement -




Combinations

N N

AO—~——A00
(0)
1' l’ Regular Closed

A"O‘L A'-o-
— : closure V. E

'+ complement 0 -

O : interior




Combinations

= 0] L5
N\ B A
A Ao

/A.'O—>\A/_’o— - ,6’0 0
A 4_’.A.’ o) — )
0 . 0

. o /\ i
5 A0 e RO« A 0O

. |
Al_ 0] AI_O<_AI_O_
— : closure A/ V. A/

'+ complement g 0 -

O : interior




Combinations

0]

/N

: Regular open

O : Interior A'-o
- : closure 2

'+ complement




Combinations

0] 5

/N /N

A_—o<L A-o-
\, l, Regular open

AIO_(__ A,O_O
O

vV Vi

= )

O : interior
- : closure

'+ complement




Regular closed regions

: > Ao A = AC”

/_\ N e A regular closed =gt
(@)
A

e —:closure

e O :interior

/ > AI_ p
: ® : complement




Regular open regions

O —

N N e A regular open =ger
A 5 > A_ A = A_O

A (@) A

e —:closure

e O :interior

e ' : complement




Intersection

e A isthe union of
the closed

B rectangles

[0,0]-[1-2] and

[O-1][1-2]

e B is the union of
the closed
rectangles
[0-0]-[1-1] and
[0-1]-[2-2]




Intersection

A,B

AB

e A isthe union of
the closed
rectangles
[0,0]-[1-2] and
[O-1][1-2]

e B is the union of
the closed
rectangles
[0-0]-[1-1] and
[0-1]-[2-2]




Intersection

ANB

e The intersection of
two regular closed
sets (though
closed) is not
necessarily regular
closed.

e Therefore we define
the intersection of
two regular closed

sets as (ANB)°~
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Intersection

ANB O~

e The intersection of
two regular closed
sets (though
closed) is not
necessarily regular
closed.

e Therefore we define
the intersection of
two regular closed

sets as (ANB)°~




Union

AUB

e Likewise, the union
of two regular open
sets (though open)
is not necessarily
regular open.

e Therefore we define

the union of two
AUB =<0,0><1,2> U regular open sets as

<1,0>-<2,2> (AUB)™©




Union

(AUB)"

e Likewise, the union
of two regular open
sets (though open)
is not necessarily
regular open.

e Therefore we define
the union of two

(AUB)- =[0,0]-[R,<] regular open sets as
(AUB)™©




Union

(AUB)~©

e Likewise, the union
of two regular open
sets (though open)
is not necessarily
regular open.

e Therefore we define

. the union of two
(AUB)™° =<0,0>-<g,> regular open sets as

(AUB)™©




Boolean Algebra

e (AAB)AC=AA(BAC) e AV(BACO) =
(AVB)ACAVO)

e (AvB)vC=Av(Bv(C)

o AAN(BVO) =
* AAB=BAA (AAB)V(AAC)
e AVB=BVA e AT
o AV(AAB)=A

e An-A=1

e AN(AVB)=A




Boolean Algebra

e (AAB)AC=AA(BAC) e AV(BACO) =
(AVB)ACAVO)

e (AvB)vC=Av(Bv(C)

o AAN(BVO) =
* AAB=BAA (AAB)V(AAC)
e AVB=BVA e AT
o AV(AAB)=A

e An-A=1

e AN(AVB)=A




Boolean algebras

This is very classic. It is basically the
(even more prototypical) superset algebra
with a slight tweak to the complement
and union relations (complement and
union for the regular closed sets) to make
sure the resulting set is a regular open set
(resp. a regular closed set)

Regular Open Sets Regular (




Kuratowski Axioms

Closure S4

o A< A e A ©A
A B « OCA ©A
« ° <>J_ 1

e (AUB) =A"UB" ) CADT

o OAQPBH(AVB)




Kuratowski Axioms

Interior 54
e AO< A ° &x FA
¢ AO=A0O o /A +/K%
* T AN
e AONBO = (ANB)O° o /M ABH/\(AAB)

e /XAAB) -/\AAB




Kuratowski Axioms

Interior o4

e AO< A e |A A

e AO= AOO e IAIIA
o i & =T

e AONBO = (ANB)O e IAANIB+ I(AAB)

e |(AANB) - IAAIB




Closure/Interior algebras

Interior Algebra Closure Algebra,
e AOC<A & = A
e AOO=AO e AT =A"
® TO = = |

e (ANB)° = A°NBC e (AUB) =A"UB-




Modeling

e Let’s turn to some possible
applications.

e How would we model a statement like
“the interior of region A and the
interior of region B have a non-empty
intersection”?

e First try: - NA/AB < 1)




Modeling

e First try: - /NA/AB < 1)

e This formula is equivalent to/\ A /\B

e [.et’s construct a model of this
formula.




A model of AcABo

Question: can we add arrow from 1 to 2?

Rema,rk: IRLONANSHONN Answer Not If we add an arrow from 1 t0 2,

transitivity would force us to add an arrow from
1 to 7 as well and then A would no longer hold
The model seems very simple.

at all states accessible from 1.
5 are d
This is no accident, we can

always construct a model with !
depth 1 and at most two {A_ ’ B

Of course, this is just one of
many possible models!
In particular, this is a model

where A union B is not equal to
the universe

A. . .B

arrows leaving any point .

Q 6 4

{'A'_TA',A,_} {-A-_7A-,A-’_, {B_,B7B’_}
B-,B,B"}

Reminder: A- means there is an 1 5 5
arrow to a state where A holds.

Ao means all arrows lead to a

state where A holds.

(A%A}  {A°%A,B°,B}  {B°B}




A model of AcABo

Now, in order for the formula A°AB° to hold,
it has to be true at every point.

This means that {A', B}

for every point v

and every point / I \

we can reach from

this point by & 6 4
following an e A A | (B,B,B-}
arrow both A and = BB}

B must hold. 1 5 3
Let’s look at (AcA}  {A°AB°B}  {B°B]

point 7.




A model of AcABo

The only point we can reach from point 7 is
point 7 itself.

Neither A nor B {A, B’}
holds at point 7. / i \
Therefore, this I
model is a Q 6 4
countermodel (LA A, [B,B,B"}
to AoABo° . 0.B ]

1 5 3

(A%A}  {A°%A,B°,B}  {B°B}




A model of AcABo

We want to state that A°ABo° is true at at
least one point in the model.

This would (A, B’}

correctly model '’

the fact that this / | \

intersection is not

empty & 6 =
e A A | {B,B,B")

However, in B",B,B"}

standard S4 we 1 5 3

cannot express fAo AV lfAo A BoB}  (BoB)

this.




A model of AcABo

A solution is to add a universal modality to

S4, giving the system S4y

that it is a multimodal system with
one S4 modality (with a transitive
and reflexive accessibility relation)

. {A, B’ } and a secorjd_ modalit_y Which has
.A. formu].a) VF IS ’ :mvztrtlt;z:.smblllty relation linking

true if for all [
points in the / I

model the formula

: P 8] 4
F is true.
(A A A, {B,B,B"}
B-,B,B'-)
A formula dF is
1 5 3

true is F holds at
at least one point. | EEEEEEEEE—ESa  (B°.B)




oS4y

e In other words, VF will mean |F| =X
and JF will mean |F| # O

e The negated forms are interpreted as
expected: -VF will mean |F| # X and

~-JF will mean |F|=J

e In the following, I will often use
formulas containing “F # 07, “F * Qs
“F E @”, “F et X”. !




5S4, expressivity

e Define A C B as
V(-AvB) or
-AvB=Xor
A—B=X

e Define A ¢ B as
-IV(-I.A.VB> or

-AvB # X or
A—B #X

e Define A CB as
ACBABCZA




5S4, expressivity

e Define DC(A,B)
as -d(AAB),
Natay which is

§ Y TPR-1 NTPP- equivalent to

0 TPP NTPP

' e ANB=U

Define EC(A,B)
as -d(A°ABO) A
d(AAB), or
ACABO = A
ANB=#O

AOAB = ANANB#QD




5S4, expressivity

The interiors share a point but

neither A->B not B->A

e Define PO(A,B)
as d(A°AB°) A
~(ACB) A (B

C A) or AOABO #
AOABO # 5 A AOA-B# T A ~AABO = A
@A -(ACB) A
AOABO* A A—B#*XAB—A=*X |B
c SAACBABCA -(BCA)

Both A ->B and B->A. The
remaining cases are therefore A-

>B and not B->A (-BAA) and B- Many authors use the first version

>A and not A->B (-A/\B) (interiors intersected with negations), Deﬁne E .A.,B
some others use the second version.

Look at the differences and try to find if

these are important. The first version a;s A g B /\ B g

intersects only closed sets, whereas the

second intersects and open and a closed
set, which seems to be an advantage. _A_,

A\ <>B =X
ACBABCA




5S4, expressivity

Can we conclude from A->Bo that —(B->A)? Does this
require Bo to be a proper subset of B (which is not
required)? (check the name of a topological space
where the only clopen sets are the empty set and the

universe)
I

JAVBO=X A AAB = Al -ANBzJ
AQBg/\BzA

od

e Define TPP(A,B)
B as ~-AVB=X A

A ->B and —(B->A) and -(A->Bo)

7

SAVB =X A -AAB # 3 A AA=(BO) # O
ACBAAZBoABZA

td | P




5S4, expressivity

e Define
NTPP-1(A,B) as
-BVAC=X A -BAA*J £ NTPP(B,A)

BCA°AAZCB

od

e Define
TPP-1(A,B) as
TPP(B,A)

-BVA =X A-BAA = A B/\_I(.A.O) X%
BCAABGZA®

td | P




5S4, expressivity

e We have shown that there are
formulas defining the RCC8 relations
in S4.

e A natural question is: are there any
useful things we can express in 5S4y
which are not expressible in RCCS8

e Since the RCCS8 relations apply only to
region variables, it seems natural to
consider complex formulas built from
region variables.




5S4, expressivity

e Since the RCCS8 relations apply only to
region variables, it seems natural to
consider complex formulas built from

region variables.

e The resulting calculus is sometimes
called BRCCS.




S4u expressivity

o :E Q (Unio n: Europ é ene - We can use equality statements to specify

that a region is exactly the union of a number

4 of other regions. In RCCB.we can on_Iy .
PaysBaysvBelgiquevEranceyv...) [pheisbbimtmm

not the inverse.

e EQ(Aquitaine,
Dordogne v Gironde v Landes v
LotEtGaronne v PyrénéesAtlantiques)

o TPP(Pyrénées, FrancevEspagnevA

These two statements capture the
fact that France and Spain are
connected by means of the
Pyrénées. This a stronger than the

o EC(FranceaPyrénées,Espagnen Pyrjisian

PO(Espagne,Pyrénées) EC(France,
Espagne)




S4u expressivity

e EC(Andorre,FranceaPyrénées)

e EC(Andorre,EspagneaPyrénées)
e NTPP(Andorre,Pyrénées)
e EQ(France, FranceContinentalvCorse)

e DC(FranceContinental,Corse) e v " T

This is impossible in RCC8




S4u expressivity

o TPP(Pyrénées, FrancevEspagnevAndorre)

o EC(FranceaPyrénées,EspagnesrPyrénées)

o (5 . ;I'heS(ta1 twlcz) statemegt; capture the
act that France and Spain are
e DC(Francea-Pyrénées,Espagne A -]ty
Pyrénées. This a stronger than the
RCCS8 statements
PO(France,Pyrénées)
PO(Espagne,Pyrénées) EC(F

e EC(Andorre,FranceAaPyrénées) Copagne

e EC(Andorre,EspagneAPyrénées)

e NTPP(Andorre,Pyrénées)




