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Background: Lambek calculus and 
the syntax-semantic interface

• Lambek (1958) extended earlier work by 
Ajdukiewicz and Bar-Hillel, casting it as a logic. 

• With hindsight, this is the non-commutative, 
multiplicative, intuitionistic fragment of  linear logic. 

• “Leftward looking” implication B\A and 
“rightward looking” implication A/B
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Precursors

n for common nouns like “book” and “student”

np for noun phrases like “John” and “the book”

s for sentences like “It rained” and “John read the book”

pp for prepositional phrases like “by John” and “in the book”

and possibly a few others, though generally these four atomic formulas are
used. It is possible to add some more detail to the formulas, for example by
distinguishing between ppby and ppin (to distinguish between prepositional
phrases headed by “by” and “in” respectively), or between sdecl and synq (to
distinguish between a declarative sentence and a yes-no question).

Given two formulas A and B (atomic or complex), we can form formulas
A/B (pronounced A over B), B\A (pronounced B under A)1. The idea behind
the two logical connectives is as follows.

A formula A/B is looking to its right for an expression of type B to form an
expression of type A. For example, when we assign the word “the” the formula
np/n we indicate it combines with an expression of type n to form an expression
of type np, that is, a noun phrase. Therefore, under these assignments “the
student” corresponds to np/n,n, and according to the meaning of “/”, these
formulas combine into an expression of type np.

Similarly, a formula B\A is looking to its left for an expression of type B to
form an expression of type A. For example, when we assign the word “slept”
the formula np\s, we indicate it combines with an expression of type np to
form an expression of type s, that is, a sentence. Under these assignments
“the student slept”, with the student analysed as np as above, corresponds to
np,np\s, which is a sentence under the meaning of “\”

AB grammars have the following two simplification rules, which are simply
a translation of the intuitions behind the connectives into a formal system we
can use for calculations of grammaticality.

A/B B

A
[/]

B B\A
A

[\]

Using these rules, we can show that “the student slept” is a valid sentence
as follows (the English words are written above the given formulas using a
“Lex” rule).

the
np/n

Lex
student

n
Lex

np
/E

slept

np\s Lex

s
\E

1Ajdukiewicz (1935) does not distinguish between the leftward looking and the rightward
looking implication. The notation used here was introduced by Lambek (1958) and was
adopted by Bar-Hillel in his later work (Bar-Hillel 1964).
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Every gambler visited a casino 
“deep structure”
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Figure 1.2: Deep structure of the derivation of Figure 1.1.
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Figure 1.3: Intuitionistic proof and lambda term corresponding to the deep
structure of Figure 1.2.

We have kept the order of the premisses of the rules as they were in Fig-
ure 1.1 to allow for an easier comparison. This deep structure still uses the
same atomic formulas as the Lambek calculus, it just forgets about the order
of the formulas and therefore can no longer distinguish between the leftward
looking implication ‘\’ and the rightward looking implication ‘/’.

To obtain a semantics in the tradition of Montague (1974), we use the
following mapping from syntactic types to semantic types, using Montague’s
atomic types e (for entity) and t (for truth value).

np⇤ = e

n⇤ = e ! t

s⇤ = t

(A ( B)⇤ = A⇤ ! B⇤

Applying this mapping to the deep structure proof of Figure 1.2 produces
the intuitionistic proof and the corresponding (linear) lambda term as shown
in Figure 1.3

The computed term corresponds to the derivational semantics of the proof.
To obtain the complete meaning, we need to substitute, for each of z0, . . . , z4,
the meaning assigned in the lexicon.
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The Lambek calculus is the intuitionistic, multiplicative,  
non-commutative fragment of  linear logic. If  we replace 

“/“ and “\” by “   ” we obtain a linear logic proof.(



Syntactic types to semantic types
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We have kept the order of the premisses of the rules as they were in Fig-
ure 1.1 to allow for an easier comparison. This deep structure still uses the
same atomic formulas as the Lambek calculus, it just forgets about the order
of the formulas and therefore can no longer distinguish between the leftward
looking implication ‘\’ and the rightward looking implication ‘/’.

To obtain a semantics in the tradition of Montague (1974), we use the
following mapping from syntactic types to semantic types, using Montague’s
atomic types e (for entity) and t (for truth value).

np⇤ = e

n⇤ = e ! t

s⇤ = t

(A ( B)⇤ = A⇤ ! B⇤

Applying this mapping to the deep structure proof of Figure 1.2 produces
the intuitionistic proof and the corresponding (linear) lambda term as shown
in Figure 1.3

The computed term corresponds to the derivational semantics of the proof.
To obtain the complete meaning, we need to substitute, for each of z0, . . . , z4,
the meaning assigned in the lexicon.
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term
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structure of Figure 1.2.

We have kept the order of the premisses of the rules as they were in Fig-
ure 1.1 to allow for an easier comparison. This deep structure still uses the
same atomic formulas as the Lambek calculus, it just forgets about the order
of the formulas and therefore can no longer distinguish between the leftward
looking implication ‘\’ and the rightward looking implication ‘/’.

To obtain a semantics in the tradition of Montague (1974), we use the
following mapping from syntactic types to semantic types, using Montague’s
atomic types e (for entity) and t (for truth value).

np⇤ = e

n⇤ = e ! t

s⇤ = t

(A ( B)⇤ = A⇤ ! B⇤

Applying this mapping to the deep structure proof of Figure 1.2 produces
the intuitionistic proof and the corresponding (linear) lambda term as shown
in Figure 1.3

The computed term corresponds to the derivational semantics of the proof.
To obtain the complete meaning, we need to substitute, for each of z0, . . . , z4,
the meaning assigned in the lexicon.
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Lexical substitution

Lambek calculus and Type-Logical Grammars

For example, “every” has syntactic type (s/(np\s))/n and its semantic type
is (e ! t) ! (e ! t) ! t. The corresponding lexical lambda term of this type
is �P e!t.�Qe!t.(8(�xe.(() (P x))(Qx)))), with ‘8’ a constant of type (e !
t) ! t and ‘)’ a constant of type t ! (t ! t). In the more familiar Montague
formulation, this lexical term corresponds to �P e!t.�Qe!t.8x.[(P x) ) (Qx)],
where we can see the formula in higher-order logic we are constructing more
clearly. Although the derivational semantics is a linear lambda term, the lexical
term assigned to “every” is not, since the variable x has two bound occurrences.

The formula assigned to “some” has the same semantic type but a di↵erent
term �P e!t.�Qe!t.(9(�xe.((^(P x))(Qx)))).

The other words are simple, “exam” is assigned exame!t, “student” is
assigned studente!t, and “aced” is assigned acee!(e!t).

So to compute the meaning, we start with the derivational semantics, re-
peated below.

((z0 z1) (�x.((z3 z4)�y.((z2 y)x))))

Then we substitute the lexical meanings, for z0, . . . , z4.

z0 := �P e!t.�Qe!t.(8(�xe.(() (P x))(Qx))))

z1 := studente!t

z2 := acee!(e!t)

z3 := �P e!t.�Qe!t.(9(�xe.((^(P x))(Qx))))

z4 := exame!t

This produces the following lambda term.

((�P e!t.�Qe!t.(8(�xe.(() (P x))(Qx)))) studente!t)

(�x.((�P e!t.�Qe!t.(9(�xe.((^(P x))(Qx)))) exame!t)

�y.((acee!(e!t) y)x))))

Finally, when we normalise this lambda term, we obtain the following se-
mantics for this sentence.

(8(�xe.(() (studente!t x))(9(�ye.((^(exame!t y))((acee!(e!t) y)x)))))))

This lambda term represents the more readable higher-order logic formula2.

8x.[student(x) ) 9y.[exam(y) ^ ace(x, y)]]

2We have used the standard convention in Montague grammar of writing (p x) as p(x)
and ((p y)x) as p(x, y), for a predicate symbol p.

9

z0 := �P e!t.�Qe!t.(8(�xe.(() (P x))(Qx))))

z1 := gamblere!t

z2 := visite!(e!t)

z3 := �P e!t.�Qe!t.(9(�xe.((^(P x))(Qx))))

z4 := casinoe!t



Normalisation

((�P e!t.�Qe!t.(8(�ve.(() (P v))(Qv)))) gamblere!t)

(�x.((�P 0e!t.�Q0e!t.(9(�ze.((^(P 0 z))(Q0 z)))) casinoe!t)

�y.((visite!(e!t) y)x))))



Normalisation

((�P e!t.�Qe!t.(8(�ve.(() (P v))(Qv)))) gamblere!t)

(�x.((�P 0e!t.�Q0e!t.(9(�ze.((^(P 0 z))(Q0 z)))) casinoe!t)

�y.((visite!(e!t) y)x))))

 � (8(�xe.(() (gamblere!t x))(9(�ye.((^(casinoe!t y))((visite!(e!t) y)x)))))))



Normalisation

((�P e!t.�Qe!t.(8(�ve.(() (P v))(Qv)))) gamblere!t)

(�x.((�P 0e!t.�Q0e!t.(9(�ze.((^(P 0 z))(Q0 z)))) casinoe!t)

�y.((visite!(e!t) y)x))))

 � (8(�xe.(() (gamblere!t x))(9(�ye.((^(casinoe!t y))((visite!(e!t) y)x)))))))

⌘def 8x.[gambler(x) ) 9y.[casino(y) ^ visit(x, y)]]
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argument cluster coordination

Terry

np
Lex

gave

((np\s)/np)/np Lex
[np]1

(np\s)/np
/E

[np]2

np\s
/E

s
\E

s/np
/I2

(s/np)/np
/I1

[(s/np)/np]3
Robin

np
Lex

s/np
/E

flowers

np
Lex

s
\E

((s/np)/np)\s
\I3

and

(X\X)/X
Lex

[(s/np)/np]4
Sue

np
Lex

s/np
/E

a book

(s/np)\s Lex

s
\E

((s/np)/np)\s
\I4

X\X
/E

((s/np)/np)\s
\E

s
\E

3. Terry gave Robin flowers and Sue a book 



More complicated proofs: 
argument cluster coordination

Terry

np
Lex

gave

((np\s)/np)/np Lex
[np]1

(np\s)/np
/E

[np]2

np\s
/E

s
\E

s/np
/I2

(s/np)/np
/I1

[(s/np)/np]3
Robin

np
Lex

s/np
/E

flowers

np
Lex

s
\E

((s/np)/np)\s
\I3

and

(X\X)/X
Lex

[(s/np)/np]4
Sue

np
Lex

s/np
/E

a book

(s/np)\s Lex

s
\E

((s/np)/np)\s
\I4

X\X
/E

((s/np)/np)\s
\E

s
\E

3. Terry gave Robin flowers and Sue a book 

(back)



More complicated proofs: 
argument cluster coordination
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Trouble in paradise: 
problems for Lambek grammars

• Though the Lambek calculus handles the basics of  
Montague grammar, it has problems with non-
peripheral wide scope (and many other 
phenomena). 

• Lambek grammars generate only context-free 
languages; some natural languages demonstrate 
non-context-free phenomena like copying and 
multiple/crossed dependencies.
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Dutch verb clusters
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De dicto/de re

1. Introduction
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Replacing all “easy” linear logic implications “(” by the corresponding
Lambek calculus implications (either “/” or “\” depending on whether the
corresponding argument is to the right or to the left) gives us the following.
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The “( I” rule can not be turned into a Lambek calculus introduction
rule, since the noun phrase hypothesis does not occur in a peripheral position.

Quantifier scope

Example (10) below illustrates that the Lambek calculus has problems with
quantifiers in medial position taking wide scope.

(10) John believes someone left.

This is one of the classic examples in semantics. Example (10) has two readings:
for the the first, called the “de dicto” reading, the verb “believes” has wider
scope than the quantifier “someone” (this can be true when John has heard
to door slam and concludes from this weak evidence that someone left; this
reading doesn’t commit the speaker to believing anyone left), for the second
reading, called the “de re” reading, there is a specific person, say Peter, whom
John believes has left (this does commit the speaker to believing someone has
left).

The narrow scope reading for “someone” is obtained from the following
deep structure.
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7. John believes someone left



De dicto/de reProblems and Limitations

For the proof above, it is easy to replace the di↵erent occurrences of the
linear logic implication “(” by the Lambek slashes “\” and “/” in order to
obtain a Lambek calculus proof. However, the second reading has the following
deep structure.
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This deep structure again has a noun phrase in non-peripheral position,
and the Lambek calculus lacks a way of withdrawing the np from the middle
of the sentence (as for the medial extraction case) but also of “moving” the
quantifier “someone” back to the place of the withdrawn noun phrases.

Dutch verb clusters

Another classic example of a problem with the Lambek calculus is the treatment
of Dutch verb clusters (Moortgat & Oehrle 1994, Oehrle 2011), illustrated by
sentence such as the following.

(11) (dat) Jan Henk Marie de nijlpaarden zag helpen voeren.

This sentence exhibits the well-known crossed dependencies: “Henk” is the
object of “zag” (saw), “Marie” the object of “helpen” (help) and “de nijlpaar-
den” (the hippopotami) the object of “voeren” (feed), as shown in the deep
structure below.

zag

np ( (inf ( (np ( s))
Lex

Henk

np
Lex

inf ( (np ( s)
( E

Marie

np
Lex

helpen

np ( (inf ( inf)
Lex

inf ( inf
( E

de nijlpaarden

np
Lex

voeren

np ( inf
Lex

inf
( E

inf
( E

np ( s
( E

Though Pullum & Gazdar (1982) show that such examples can be treated
by context-free grammars, and hence by the Lambek calculus, the Dutch verb
cluster analysis of mildly context-sensitive formalisms, which expresses the de-
sired dependencies between objects and verbs, is generally preferred. For ex-
ample, a fairly direct translation of the grammar given by Pullum & Gazdar
(1982) into a Lambek grammar gives the following proof for Sentence (11).
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This is not the forgetful mapping of  any Lambek calculus proof ! 
(at least not given np\s for “left” and (np\s)/s for “believes”)

7. John believes someone left

(back)



EXTENDING 
THE LAMBEK CALCULUS:

FIRST-ORDER LINEAR LOGIC



Extending the Lambek calculus

• The Lambek calculus is a simple, elegant logic 
which gets a number of  the basic facts about the 
syntax-semantics interface right (or, at least, almost 
right) 

• How can we keep everything which worked 
correctly for the Lambek calculus without overly 
complicating the logic?



Core architecture of  
 type-logical grammars

Parsing Categorial Grammars
Dynamic Semantics

Some Puzzles, Some Solutions

Categorial grammars

Syntax Semantics
Pragmatics

lexicon

input text

categorial
grammar
proof

multiplica-
tive linear
logic proof

linear
lambda
term

logical
semantics
(formulas)

semantics
and

pragmatics

homomorphism

isomorphism

lexical

subsitution,

normalization

lexical

subsitution,

parsing

theorem

proving

anaphora
resolution

Richard Moot Large-Scale Discourse Analysis with Categorial Grammars



Why first-order linear logic?

• simple logic, nice proof  theory 

• can be seen as a sort of  “machine language” 
underlying several modern type-logical grammars 

• has many natural, interesting fragments (Lambek 
calculus but also several of  item modern extensions: 
the “core” Displacement calculus, lambda grammars) 

• a parser for first-order linear logic provides a single 
parse engine for the above frameworks; proof  
transformations can hide the internals (if  desired)



Why first-order linear logic? 
Things we can incorporate directly

1. John slept before Mary did. 

2. mountain the painting of  which by Cezanne John sold for 
$10.000.000. 

3. John ate more donuts than Mary bought bagels. 

4. John studies logic and Charles, phonetics. 

5. No dog eats Whiskas or cat Alpo.

(1-4) from Morrill e.a. (2011),  
(3-5) from Kubota & Levine (2012,2013)



Why first-order linear logic? 
Other things with easy solutions

• Grammatical case/inflection or “lightweight 
features” (Morrill 1990) 

• Constraints on derivability, notably so-called “island 
constraints” (de Groote) 

eg. avoid overgeneration for sentences like “book 
which Harry read Moby Dick and”



Displacement calculus (Morrill e.a.)

(1) study(j, l) ^ study(c, p)

john ` n

[r0 ` (n\s)/n]2 logic ` n

r0 logic ` n\s
/E

john r0 logic ` s
\E

john, logic ` s "> (n\s)/n
"> I2

and ` ((s "> ((n\s)/n))\(s "> ((n\s)/n)))/ (̂s "> (n\s)/n)

charles ` n

[s0 ` (n\s)/n]1 phonetics ` n

s0 phonetics ` n\s
/E

charles s0 phonetics ` s
\E

charles, phonetics ` s "> (n\s)/n
"> I1

charles phonetics ` (̂s "> (n\s)/n) Î

and charles phonetics ` (s "> ((n\s)/n))\(s "> ((n\s)/n))
/E

john, logic and charles phonetics ` s "> (n\s)/n
\E

studies ` (n\s)/n
john studies logic and charles phonetics ` s

"> E

8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]]

n(0, 1)

n(2, 3)

[8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]]]2

n(2, 3) ( 8I.[n(I, 1) ( s(I, 3)]
8E

8I.[n(I, 1) ( s(I, 3)]
( E

n(0, 1) ( s(0, 3)
8E

s(0, 3)
( E

8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)
( I2

n(4, 5)

n(5, 6)

[8C.[n(5, C) ( 8D.[n(D, 5) ( s(D,C)]]]1

n(5, 6) ( 8D.[n(D, 5) ( s(D, 6)]
8E

8D.[n(D, 5) ( s(D, 6)]
( E

n(4, 5) ( s(4, 6)
8E

s(4, 6)
( E

8C.[n(5, C) ( 8D.[n(D, 5) ( s(D,C)]] ( s(4, 6)
( I1

9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, 6)]
9I

8A.[9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, A)] ( 8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E,A)]]

9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, 6)] ( 8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E, 6)]
8E

8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E, 6)]
( E

8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(0, 6)]
8E

8G.[(8H.[n(G,H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6)]
8E

(8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6)
8E

8x0.[n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

s(0, 6)
( E

n(5, 6) ` n(5, 6)

n(4, 5) ` n(4, 5) s(4, 6) ` s(4, 6)

n(4, 5), n(4, 5) ( s(4, 6) ` s(4, 6)
L (

n(4, 5), 8D.[n(D, 5) ( s(D, 6)] ` s(4, 6)
L8

n(5, 6), n(5, 6) ( 8D.[n(D, 5) ( s(D, 6)], n(4, 5) ` s(4, 6)
L (

n(5, 6), 8C.[n(5, C) ( 8D.[n(D, 5) ( s(D,C)]], n(4, 5) ` s(4, 6)
L8

n(5, 6), n(4, 5) ` 8C.[n(5, C) ( 8D.[n(D, 5) ( s(D,C)]] ( s(4, 6)
R (

n(5, 6), n(4, 5) ` 9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, 6)]
R9

n(2, 3) ` n(2, 3)

n(0, 1) ` n(0, 1) s(0, 3) ` s(0, 3)

n(0, 1), n(0, 1) ( s(0, 3) ` s(0, 3)
L (

n(0, 1), 8I.[n(I, 1) ( s(I, 3)] ` s(0, 3)
L8

n(2, 3), n(2, 3) ( 8I.[n(I, 1) ( s(I, 3)], n(0, 1) ` s(0, 3)
L (

n(2, 3), 8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]], n(0, 1) ` s(0, 3)
L8

n(2, 3), n(0, 1) ` 8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)
R (

n(2, x0) ` n(2, x0)

n(x1, 1) ` n(x1, 1) s(x1, x0) ` s(x1, x0)

n(x1, 1), n(x1, 1) ( s(x1, x0) ` s(x1, x0)
L (

n(x1, 1), 8K.[n(K, 1) ( s(K,x0)] ` s(x1, x0)
L8

n(2, x0), n(2, x0) ( 8K.[n(K, 1) ( s(K,x0)], n(x1, 1) ` s(x1, x0)
L (

n(2, x0), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]], n(x1, 1) ` s(x1, x0)
L8

n(2, x0), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` n(x1, 1) ( s(x1, x0)
R (

n(2, x0), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` 8x1.[n(x1, 1) ( s(x1, x0)]
R8

8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]
R (

8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` 8x0.[n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]]
R8

s(0, 6) ` s(0, 6)

8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]], 8x0.[n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6) ` s(0, 6)
L (

n(2, 3), n(0, 1), (8H.[n(2, H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(2, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L (

n(2, 3), n(0, 1), 8G.[(8H.[n(G,H) ( 8I.[n(I, 1) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, 1) ( s(x1, x0)]] ( s(0, 6)], 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L8

n(2, 3), n(0, 1), 8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(0, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(0, 6)], 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L8

n(2, 3), n(0, 1), 8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E, 6)], 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L8

n(5, 6), n(4, 5), 9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, 6)] ( 8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E, 6)], n(2, 3), n(0, 1), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L (

n(5, 6), n(4, 5), 8A.[9B.[8C.[n(B,C) ( 8D.[n(D,B) ( s(D,C)]] ( s(4, A)] ( 8E.8F.8G.[(8H.[n(G,H) ( 8I.[n(I, F ) ( s(I,H)]] ( s(E, 3)) ( 8x0.[n(G, x0) ( 8x1.[n(x1, F ) ( s(x1, x0)]] ( s(E,A)]], n(2, 3), n(0, 1), 8J.[n(2, J) ( 8K.[n(K, 1) ( s(K, J)]] ` s(0, 6)
L8

1

(1) study(john, logic) ^ study(charles, phonetics)


t0
np

�4

studies
(np\s)/np


s0
np

�3

studies � s0
(np\s)

/E

t0 � studies � s0
s

\E

t0 � studies
s/np

/I3

�t0.t0 � studies
(s/np)|np

|I4

john
np


r0
(s/np)|np

�2

(r0 john)
s/np

|E
logic
np

(r0 john) � logic
s

/E

�r0.(r0 john) � logic
s|((s/np)|np)

|I2

charles
np


q0
(s/np)|np

�1

(q0 charles)
s/np

|E
phonetics
np

(q0 charles) � phonetics
s

/E

�q0.(q0 charles) � phonetics
s|((s/np)|np)

|I1
�q3.�r3.�s3.(r3 s3) � and � (q3 �t3.t3)
((s|((s/np)|np))|(s|((s/np)|np)))|(s|((s/np)|np))

�r3.�s3.(r3 s3) � and � charles � phonetics
(s|((s/np)|np))|(s|((s/np)|np))

|E

�s3.(s3 john) � logic � and � charles � phonetics
s|((s/np)|np)

|E

john � studies � logic � and � charles � phonetics
s

|E

[np(0, 1)]4

[np(2, x0)]3
8A.[np(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

np(2, x0) ( 8B.[np(B, 1) ( s(B, x0)]
8E

8B.[np(B, 1) ( s(B, x0)]
( E

np(0, 1) ( s(0, x0)
8E

s(0, x0)
( E

np(2, x0) ( s(0, x0)
( I3

8x0.[np(2, x0) ( s(0, x0)]
8I

np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]
( I4

np(2, 3)

np(0, 1) [np(0, 1) ( 8D.[np(2, D) ( s(0, D)]]2

8D.[np(2, D) ( s(0, D)]
( E

np(2, 3) ( s(0, 3)
8E

s(0, 3)
( E

(np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)
( I2

np(5, 6)

np(4, 5) [np(4, 5) ( 8C.[np(5, C) ( s(4, C)]]1

8C.[np(5, C) ( s(4, C)]
( E

np(5, 6) ( s(4, 6)
8E

s(4, 6)
( E

(np(4, 5) ( 8C.[np(5, C) ( s(4, C)]) ( s(4, 6)
( I1

((np(4, 5) ( 8C.[np(5, C) ( s(4, C)]) ( s(4, 6)) ( ((np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)

((np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)
( E

(np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)
( E

s(0, 6)
( E

np(4, 5) ` np(4, 5)

np(5, 6) ` np(5, 6) s(4, 6) ` s(4, 6)

np(5, 6), np(5, 6) ( s(4, 6) ` s(4, 6)
L (

np(5, 6), 8A.[np(5, A) ( s(4, A)] ` s(4, 6)
L8

np(4, 5), np(4, 5) ( 8A.[np(5, A) ( s(4, A)], np(5, 6) ` s(4, 6)
L (

np(4, 5), np(5, 6) ` (np(4, 5) ( 8A.[np(5, A) ( s(4, A)]) ( s(4, 6)
R (

np(0, 1) ` np(0, 1)

np(2, 3) ` np(2, 3) s(0, 3) ` s(0, 3)

np(2, 3), np(2, 3) ( s(0, 3) ` s(0, 3)
L (

np(2, 3), 8B.[np(2, B) ( s(0, B)] ` s(0, 3)
L8

np(0, 1), np(0, 1) ( 8B.[np(2, B) ( s(0, B)], np(2, 3) ` s(0, 3)
L (

np(0, 1), np(2, 3) ` (np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)
R (

np(2, x0) ` np(2, x0)

np(0, 1) ` np(0, 1) s(0, x0) ` s(0, x0)

np(0, 1), np(0, 1) ( s(0, x0) ` s(0, x0)
L (

np(0, 1), 8D.[np(D, 1) ( s(D,x0)] ` s(0, x0)
L8

np(2, x0), np(2, x0) ( 8D.[np(D, 1) ( s(D,x0)], np(0, 1) ` s(0, x0)
L (

np(2, x0), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` s(0, x0)
L8

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` np(2, x0) ( s(0, x0)
R (

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` 8x0.[np(2, x0) ( s(0, x0)]
R8

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]
R (

s(0, 6) ` s(0, 6)

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6) ` s(0, 6)
L (

np(0, 1), np(2, 3), ((np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` s(0, 6)
L (

np(4, 5), np(5, 6), ((np(4, 5) ( 8A.[np(5, A) ( s(4, A)]) ( s(4, 6)) ( ((np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6), np(0, 1), np(2, 3), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` s(0, 6)
L (

(2) study(john, logic) ^ study(charles, phonetics)

studies
(np\s)/np

john
np


r0
(np\s)/np

�2
logic
np

r0 � logic
(np\s)

/E

john � r0 � logic
s

\E

�r0.john � r0 � logic
s|((np\s)/np)

|I2

charles
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(np\s)/np

�1
phonetics
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q0 � phonetics
(np\s)

/E
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s

\E

�q0.charles � q0 � phonetics
s|((np\s)/np)

|I1
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((s|((np\s)/np))|(s|((np\s)/np)))|(s|((np\s)/np))

�t4.�p5.(t4 p5) � and � charles � phonetics
(s|((np\s)/np))|(s|((np\s)/np))

|E

�p5.john � p5 � logic � and � charles � phonetics
s|((np\s)/np)

|E

john � studies � logic � and � charles � phonetics
s

|E

8A.[np(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

np(0, 1)

np(2, 3)

[8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]]]2

np(2, 3) ( 8F.[np(F, 1) ( s(F, 3)]
8E

8F.[np(F, 1) ( s(F, 3)]
( E

np(0, 1) ( s(0, 3)
8E

s(0, 3)
( E

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)
( I2

np(4, 5)

np(5, 6)

[8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]]]1

np(5, 6) ( 8D.[np(D, 5) ( s(D, 6)]
8E

8D.[np(D, 5) ( s(D, 6)]
( E

np(4, 5) ( s(4, 6)
8E

s(4, 6)
( E

8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)
( I1

(8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)) ( (8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)

(8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

s(0, 6)
( E

np(5, 6) ` np(5, 6)

np(4, 5) ` np(4, 5) s(4, 6) ` s(4, 6)

np(4, 5), np(4, 5) ( s(4, 6) ` s(4, 6)
L (

np(4, 5), 8B.[np(B, 5) ( s(B, 6)] ` s(4, 6)
L8

np(5, 6), np(5, 6) ( 8B.[np(B, 5) ( s(B, 6)], np(4, 5) ` s(4, 6)
L (

np(5, 6), 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]], np(4, 5) ` s(4, 6)
L8

np(5, 6), np(4, 5) ` 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]] ( s(4, 6)
R (

np(2, 3) ` np(2, 3)

np(0, 1) ` np(0, 1) s(0, 3) ` s(0, 3)

np(0, 1), np(0, 1) ( s(0, 3) ` s(0, 3)
L (

np(0, 1), 8D.[np(D, 1) ( s(D, 3)] ` s(0, 3)
L8

np(2, 3), np(2, 3) ( 8D.[np(D, 1) ( s(D, 3)], np(0, 1) ` s(0, 3)
L (

np(2, 3), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` s(0, 3)
L8

np(2, 3), np(0, 1) ` 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)
R (

np(2, x0) ` np(2, x0)

np(x1, 1) ` np(x1, 1) s(x1, x0) ` s(x1, x0)

np(x1, 1), np(x1, 1) ( s(x1, x0) ` s(x1, x0)
L (

np(x1, 1), 8F.[np(F, 1) ( s(F, x0)] ` s(x1, x0)
L8

np(2, x0), np(2, x0) ( 8F.[np(F, 1) ( s(F, x0)], np(x1, 1) ` s(x1, x0)
L (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], np(x1, 1) ` s(x1, x0)
L8

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(x1, 1) ( s(x1, x0)
R (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x1.[np(x1, 1) ( s(x1, x0)]
R8

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]
R (

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]]
R8

s(0, 6) ` s(0, 6)

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6) ` s(0, 6)
L (

np(2, 3), np(0, 1), (8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` s(0, 6)
L (

np(5, 6), np(4, 5), (8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]] ( s(4, 6)) ( (8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6), np(2, 3), np(0, 1), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` s(0, 6)
L (

1



Hybrid type-logical grammars 
(Kubota and Levine)

(1) study(j, l) ^ study(c, p)

studies
(np\s)/np

john
np


r0
(np\s)/np

�2
logic
np

r0 � logic
(np\s)

/E

john � r0 � logic
s

\E

�r0.john � r0 � logic
s|((np\s)/np)

|I2

charles
np


q0
(np\s)/np

�1
phonetics
np

q0 � phonetics
(np\s)

/E

charles � q0 � phonetics
s

\E

�q0.charles � q0 � phonetics
s|((np\s)/np)

|I1
�s4.�t4.�p5.(t4 p5) � and � (s4 ✏)
((s|((np\s)/np))|(s|((np\s)/np)))|(s|((np\s)/np))

�t4.�p5.(t4 p5) � and � charles � phonetics
(s|((np\s)/np))|(s|((np\s)/np))

|E

�p5.john � p5 � logic � and � charles � phonetics
s|((np\s)/np)

|E

john � studies � logic � and � charles � phonetics
s

|E

8A.[np(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

np(0, 1)

np(2, 3)

[8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]]]2

np(2, 3) ( 8F.[np(F, 1) ( s(F, 3)]
8E

8F.[np(F, 1) ( s(F, 3)]
( E

np(0, 1) ( s(0, 3)
8E

s(0, 3)
( E

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)
( I2

np(4, 5)

np(5, 6)

[8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]]]1

np(5, 6) ( 8D.[np(D, 5) ( s(D, 6)]
8E

8D.[np(D, 5) ( s(D, 6)]
( E

np(4, 5) ( s(4, 6)
8E

s(4, 6)
( E

8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)
( I1

(8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)) ( (8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)

(8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

s(0, 6)
( E

np(5, 6) ` np(5, 6)

np(4, 5) ` np(4, 5) s(4, 6) ` s(4, 6)

np(4, 5), np(4, 5) ( s(4, 6) ` s(4, 6)
L (

np(4, 5), 8B.[np(B, 5) ( s(B, 6)] ` s(4, 6)
L8

np(5, 6), np(5, 6) ( 8B.[np(B, 5) ( s(B, 6)], np(4, 5) ` s(4, 6)
L (

np(5, 6), 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]], np(4, 5) ` s(4, 6)
L8

np(5, 6), np(4, 5) ` 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]] ( s(4, 6)
R (

np(2, 3) ` np(2, 3)

np(0, 1) ` np(0, 1) s(0, 3) ` s(0, 3)

np(0, 1), np(0, 1) ( s(0, 3) ` s(0, 3)
L (

np(0, 1), 8D.[np(D, 1) ( s(D, 3)] ` s(0, 3)
L8

np(2, 3), np(2, 3) ( 8D.[np(D, 1) ( s(D, 3)], np(0, 1) ` s(0, 3)
L (

np(2, 3), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` s(0, 3)
L8

np(2, 3), np(0, 1) ` 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)
R (

np(2, x0) ` np(2, x0)

np(x1, 1) ` np(x1, 1) s(x1, x0) ` s(x1, x0)

np(x1, 1), np(x1, 1) ( s(x1, x0) ` s(x1, x0)
L (

np(x1, 1), 8F.[np(F, 1) ( s(F, x0)] ` s(x1, x0)
L8

np(2, x0), np(2, x0) ( 8F.[np(F, 1) ( s(F, x0)], np(x1, 1) ` s(x1, x0)
L (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], np(x1, 1) ` s(x1, x0)
L8

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(x1, 1) ( s(x1, x0)
R (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x1.[np(x1, 1) ( s(x1, x0)]
R8

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]
R (

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]]
R8

s(0, 6) ` s(0, 6)

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6) ` s(0, 6)
L (

np(2, 3), np(0, 1), (8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` s(0, 6)
L (

np(5, 6), np(4, 5), (8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]] ( s(4, 6)) ( (8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6), np(2, 3), np(0, 1), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` s(0, 6)
L (
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(1) study(john, logic) ^ study(charles, phonetics)


t0
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studies � s0
(np\s)

/E
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s

\E
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s/np

/I3
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(s/np)|np
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john
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r0
(s/np)|np

�2
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s

/E
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�1
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s/np

|E
phonetics
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(q0 charles) � phonetics
s

/E

�q0.(q0 charles) � phonetics
s|((s/np)|np)

|I1
�q3.�r3.�s3.(r3 s3) � and � (q3 �t3.t3)
((s|((s/np)|np))|(s|((s/np)|np)))|(s|((s/np)|np))

�r3.�s3.(r3 s3) � and � charles � phonetics
(s|((s/np)|np))|(s|((s/np)|np))

|E

�s3.(s3 john) � logic � and � charles � phonetics
s|((s/np)|np)

|E

john � studies � logic � and � charles � phonetics
s

|E

[np(0, 1)]4

[np(2, x0)]3
8A.[np(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

np(2, x0) ( 8B.[np(B, 1) ( s(B, x0)]
8E

8B.[np(B, 1) ( s(B, x0)]
( E

np(0, 1) ( s(0, x0)
8E

s(0, x0)
( E

np(2, x0) ( s(0, x0)
( I3

8x0.[np(2, x0) ( s(0, x0)]
8I

np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]
( I4

np(2, 3)

np(0, 1) [np(0, 1) ( 8D.[np(2, D) ( s(0, D)]]2

8D.[np(2, D) ( s(0, D)]
( E

np(2, 3) ( s(0, 3)
8E

s(0, 3)
( E

(np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)
( I2

np(5, 6)

np(4, 5) [np(4, 5) ( 8C.[np(5, C) ( s(4, C)]]1

8C.[np(5, C) ( s(4, C)]
( E

np(5, 6) ( s(4, 6)
8E

s(4, 6)
( E

(np(4, 5) ( 8C.[np(5, C) ( s(4, C)]) ( s(4, 6)
( I1

((np(4, 5) ( 8C.[np(5, C) ( s(4, C)]) ( s(4, 6)) ( ((np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)

((np(0, 1) ( 8D.[np(2, D) ( s(0, D)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)
( E

(np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6)
( E

s(0, 6)
( E

np(4, 5) ` np(4, 5)

np(5, 6) ` np(5, 6) s(4, 6) ` s(4, 6)

np(5, 6), np(5, 6) ( s(4, 6) ` s(4, 6)
L (

np(5, 6), 8A.[np(5, A) ( s(4, A)] ` s(4, 6)
L8

np(4, 5), np(4, 5) ( 8A.[np(5, A) ( s(4, A)], np(5, 6) ` s(4, 6)
L (

np(4, 5), np(5, 6) ` (np(4, 5) ( 8A.[np(5, A) ( s(4, A)]) ( s(4, 6)
R (

np(0, 1) ` np(0, 1)

np(2, 3) ` np(2, 3) s(0, 3) ` s(0, 3)

np(2, 3), np(2, 3) ( s(0, 3) ` s(0, 3)
L (

np(2, 3), 8B.[np(2, B) ( s(0, B)] ` s(0, 3)
L8

np(0, 1), np(0, 1) ( 8B.[np(2, B) ( s(0, B)], np(2, 3) ` s(0, 3)
L (

np(0, 1), np(2, 3) ` (np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)
R (

np(2, x0) ` np(2, x0)

np(0, 1) ` np(0, 1) s(0, x0) ` s(0, x0)

np(0, 1), np(0, 1) ( s(0, x0) ` s(0, x0)
L (

np(0, 1), 8D.[np(D, 1) ( s(D,x0)] ` s(0, x0)
L8

np(2, x0), np(2, x0) ( 8D.[np(D, 1) ( s(D,x0)], np(0, 1) ` s(0, x0)
L (

np(2, x0), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` s(0, x0)
L8

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` np(2, x0) ( s(0, x0)
R (

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` 8x0.[np(2, x0) ( s(0, x0)]
R8

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]
R (

s(0, 6) ` s(0, 6)

8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6) ` s(0, 6)
L (

np(0, 1), np(2, 3), ((np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` s(0, 6)
L (

np(4, 5), np(5, 6), ((np(4, 5) ( 8A.[np(5, A) ( s(4, A)]) ( s(4, 6)) ( ((np(0, 1) ( 8B.[np(2, B) ( s(0, B)]) ( s(0, 3)) ( (np(0, 1) ( 8x0.[np(2, x0) ( s(0, x0)]) ( s(0, 6), np(0, 1), np(2, 3), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ` s(0, 6)
L (
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|E

john � studies � logic � and � charles � phonetics
s

|E

8A.[np(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

np(0, 1)

np(2, 3)

[8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]]]2

np(2, 3) ( 8F.[np(F, 1) ( s(F, 3)]
8E

8F.[np(F, 1) ( s(F, 3)]
( E
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8E

s(0, 3)
( E

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)
( I2

np(4, 5)

np(5, 6)

[8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]]]1

np(5, 6) ( 8D.[np(D, 5) ( s(D, 6)]
8E

8D.[np(D, 5) ( s(D, 6)]
( E

np(4, 5) ( s(4, 6)
8E

s(4, 6)
( E

8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)
( I1

(8C.[np(5, C) ( 8D.[np(D, 5) ( s(D,C)]] ( s(4, 6)) ( (8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)

(8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ( s(0, 3)) ( 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6)
( E

s(0, 6)
( E

np(5, 6) ` np(5, 6)

np(4, 5) ` np(4, 5) s(4, 6) ` s(4, 6)

np(4, 5), np(4, 5) ( s(4, 6) ` s(4, 6)
L (

np(4, 5), 8B.[np(B, 5) ( s(B, 6)] ` s(4, 6)
L8

np(5, 6), np(5, 6) ( 8B.[np(B, 5) ( s(B, 6)], np(4, 5) ` s(4, 6)
L (

np(5, 6), 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]], np(4, 5) ` s(4, 6)
L8

np(5, 6), np(4, 5) ` 8A.[np(5, A) ( 8B.[np(B, 5) ( s(B,A)]] ( s(4, 6)
R (

np(2, 3) ` np(2, 3)

np(0, 1) ` np(0, 1) s(0, 3) ` s(0, 3)

np(0, 1), np(0, 1) ( s(0, 3) ` s(0, 3)
L (

np(0, 1), 8D.[np(D, 1) ( s(D, 3)] ` s(0, 3)
L8

np(2, 3), np(2, 3) ( 8D.[np(D, 1) ( s(D, 3)], np(0, 1) ` s(0, 3)
L (

np(2, 3), 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]], np(0, 1) ` s(0, 3)
L8

np(2, 3), np(0, 1) ` 8C.[np(2, C) ( 8D.[np(D, 1) ( s(D,C)]] ( s(0, 3)
R (

np(2, x0) ` np(2, x0)

np(x1, 1) ` np(x1, 1) s(x1, x0) ` s(x1, x0)

np(x1, 1), np(x1, 1) ( s(x1, x0) ` s(x1, x0)
L (

np(x1, 1), 8F.[np(F, 1) ( s(F, x0)] ` s(x1, x0)
L8

np(2, x0), np(2, x0) ( 8F.[np(F, 1) ( s(F, x0)], np(x1, 1) ` s(x1, x0)
L (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], np(x1, 1) ` s(x1, x0)
L8

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(x1, 1) ( s(x1, x0)
R (

np(2, x0), 8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x1.[np(x1, 1) ( s(x1, x0)]
R8

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]
R (

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]] ` 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]]
R8

s(0, 6) ` s(0, 6)

8E.[np(2, E) ( 8F.[np(F, 1) ( s(F,E)]], 8x0.[np(2, x0) ( 8x1.[np(x1, 1) ( s(x1, x0)]] ( s(0, 6) ` s(0, 6)
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np (np\s)/np np/n n

0 1 2 3 4

np(2,4)∀z.np(2,z)⊸∀y.np(y,1)⊸s(y,z)
∀y.np(y,1)⊸s(y,4)np(0,1)

s(0,4)



Natural deduction

A A ( B
B

( E

[A]i
....
B

A ( B
( Ii

8x.A
A[x := t]

8E A
8x.A 8I⇤



John believes someone left (revisited)

John

np(0, 1)
Lex

believes

8D.[s(2, D) ( 8E.[np(E, 1) ( s(E,D)]
Lex

someone

8A.8B.[(np(2, 3) ( s(A,B)) ( s(A,B)]
Lex

left

8C.[np(C, 3) ( np(C, 4)]
Lex



John believes someone left (revisited)

np(0, 1)

[np(2, 3)]1
8C.[np(C, 3) ( s(C, 4)]

np(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

8D.[s(2, D) ( 8E.[np(E, 1) ( s(E,D)]]

s(2, 4) ( 8E.[np(E, 1) ( s(E, 4)]
8E

8E.[np(E, 1) ( s(E, 4)]
( E

np(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

np(2, 3) ( s(0, 4)
( I1

8A.8B.[(np(2, 3) ( s(A,B)) ( s(A,B)]

8B.[(np(2, 3) ( s(0, B)) ( s(0, B)]
8E

(n(2, 3) ( s(0, 4)) ( s(0, 4)
8E

s(0, 4)
( E

John

left
believes

someone

When we keep only the propositional part, 
we are left with the “missing proof ” from before



John believes someone left (revisited)

(1) 9x0.[believes(j, leave(x0))]

john ` n

believes ` (n\s)/s
[p0 ` n]1 left ` n\s

p0 left ` s
\E

believes p0 left ` n\s
/E

john believes p0 left ` s
\E

john believes, left ` s "> n
"> I1 someone ` (s "> n) #> s

john believes someone left ` s
#> E

n(0, 1)

[n(2, 3)]1
8C.[n(C, 3) ( s(C, 4)]

n(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

8D.[s(2, D) ( 8E.[n(E, 1) ( s(E,D)]]

s(2, 4) ( 8E.[n(E, 1) ( s(E, 4)]
8E

8E.[n(E, 1) ( s(E, 4)]
( E

n(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

n(2, 3) ( s(0, 4)
( I1

8A.8B.[(n(2, 3) ( s(A,B)) ( s(A,B)]

8B.[(n(2, 3) ( s(0, B)) ( s(0, B)]
8E

(n(2, 3) ( s(0, 4)) ( s(0, 4)
8E

s(0, 4)
( E

n(2, 3) ` n(2, 3) s(2, 4) ` s(2, 4)

n(2, 3), n(2, 3) ( s(2, 4) ` s(2, 4)
L (

n(2, 3), 8A.[n(A, 3) ( s(A, 4)] ` s(2, 4)
L8

n(0, 1) ` n(0, 1) s(0, 4) ` s(0, 4)

n(0, 1), n(0, 1) ( s(0, 4) ` s(0, 4)
L (

n(0, 1), 8C.[n(C, 1) ( s(C, 4)] ` s(0, 4)
L8

n(2, 3), 8A.[n(A, 3) ( s(A, 4)], s(2, 4) ( 8C.[n(C, 1) ( s(C, 4)], n(0, 1) ` s(0, 4)
L (

n(2, 3), 8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1) ` s(0, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1) ` n(2, 3) ( s(0, 4)
R (

s(0, 4) ` s(0, 4)

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), (n(2, 3) ( s(0, 4)) ( s(0, 4) ` s(0, 4)
L (

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), 8E.[(n(2, 3) ( s(0, E)) ( s(0, E)] ` s(0, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), 8D.8E.[(n(2, 3) ( s(D,E)) ( s(D,E)] ` s(0, 4)
L8

(2) believes(j, 9x0.[leave(x0)])

john ` n

believes ` (n\s)/s

[p0 ` n]1 left ` n\s
p0 left ` s

\E

✏, left ` s "> n
"> I1 someone ` (s "> n) #> s

someone left ` s
#> E

believes someone left ` n\s
/E

john believes someone left ` s
\E

n(0, 1)

[n(2, 3)]1
8E.[n(E, 3) ( s(E, 4)]

n(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

n(2, 3) ( s(2, 4)
( I1

8C.8D.[(n(2, 3) ( s(C,D)) ( s(C,D)]

8D.[(n(2, 3) ( s(2, D)) ( s(2, D)]
8E

(n(2, 3) ( s(2, 4)) ( s(2, 4)
8E

s(2, 4)
( E

8A.[s(2, A) ( 8B.[n(B, 1) ( s(B,A)]]

s(2, 4) ( 8B.[n(B, 1) ( s(B, 4)]
8E

8B.[n(B, 1) ( s(B, 4)]
( E

n(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

n(2, 3) ` n(2, 3) s(2, 4) ` s(2, 4)

n(2, 3), n(2, 3) ( s(2, 4) ` s(2, 4)
L (

n(2, 3), 8A.[n(A, 3) ( s(A, 4)] ` s(2, 4)
L8

8A.[n(A, 3) ( s(A, 4)] ` n(2, 3) ( s(2, 4)
R (

s(2, 4) ` s(2, 4)

8A.[n(A, 3) ( s(A, 4)], (n(2, 3) ( s(2, 4)) ( s(2, 4) ` s(2, 4)
L (

8A.[n(A, 3) ( s(A, 4)], 8C.[(n(2, 3) ( s(2, C)) ( s(2, C)] ` s(2, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.8C.[(n(2, 3) ( s(B,C)) ( s(B,C)] ` s(2, 4)
L8

n(0, 1) ` n(0, 1) s(0, 4) ` s(0, 4)

n(0, 1), n(0, 1) ( s(0, 4) ` s(0, 4)
L (

n(0, 1), 8E.[n(E, 1) ( s(E, 4)] ` s(0, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.8C.[(n(2, 3) ( s(B,C)) ( s(B,C)], s(2, 4) ( 8E.[n(E, 1) ( s(E, 4)], n(0, 1) ` s(0, 4)
L (

8A.[n(A, 3) ( s(A, 4)], 8B.8C.[(n(2, 3) ( s(B,C)) ( s(B,C)], 8D.[s(2, D) ( 8E.[n(E, 1) ( s(E,D)]], n(0, 1) ` s(0, 4)
L8

(3) 9x0.[believes(j, left(x0))]

john ` n

believes ` (n\s)/s
[p0 ` n]1 left ` n\s

p0 left ` s
\E

believes p0 left ` n\s
/E

john believes p0 left ` s
\E

john believes, left ` s "> n
"> I1 someone ` (s "> n) #> s

john believes someone left ` s
#> E

n(0, 1)

[n(2, 3)]1
8C.[n(C, 3) ( s(C, 4)]

n(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

8D.[s(2, D) ( 8E.[n(E, 1) ( s(E,D)]]

s(2, 4) ( 8E.[n(E, 1) ( s(E, 4)]
8E

8E.[n(E, 1) ( s(E, 4)]
( E

n(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

n(2, 3) ( s(0, 4)
( I1

8A.8B.[(n(2, 3) ( s(A,B)) ( s(A,B)]

8B.[(n(2, 3) ( s(0, B)) ( s(0, B)]
8E

(n(2, 3) ( s(0, 4)) ( s(0, 4)
8E

s(0, 4)
( E

n(2, 3) ` n(2, 3) s(2, 4) ` s(2, 4)

n(2, 3), n(2, 3) ( s(2, 4) ` s(2, 4)
L (

n(2, 3), 8A.[n(A, 3) ( s(A, 4)] ` s(2, 4)
L8

n(0, 1) ` n(0, 1) s(0, 4) ` s(0, 4)

n(0, 1), n(0, 1) ( s(0, 4) ` s(0, 4)
L (

n(0, 1), 8C.[n(C, 1) ( s(C, 4)] ` s(0, 4)
L8

n(2, 3), 8A.[n(A, 3) ( s(A, 4)], s(2, 4) ( 8C.[n(C, 1) ( s(C, 4)], n(0, 1) ` s(0, 4)
L (

n(2, 3), 8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1) ` s(0, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1) ` n(2, 3) ( s(0, 4)
R (

s(0, 4) ` s(0, 4)

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), (n(2, 3) ( s(0, 4)) ( s(0, 4) ` s(0, 4)
L (

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), 8E.[(n(2, 3) ( s(0, E)) ( s(0, E)] ` s(0, 4)
L8

8A.[n(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[n(C, 1) ( s(C,B)]], n(0, 1), 8D.8E.[(n(2, 3) ( s(D,E)) ( s(D,E)] ` s(0, 4)
L8

(4) believes(j, 9x0.[left(x0)])

john ` n

believes ` (n\s)/s

[p0 ` n]1 left ` n\s
p0 left ` s

\E

✏, left ` s "> n
"> I1 someone ` (s "> n) #> s

someone left ` s
#> E

believes someone left ` n\s
/E

john believes someone left ` s
\E

n(0, 1)

[n(2, 3)]1
8E.[n(E, 3) ( s(E, 4)]

n(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

n(2, 3) ( s(2, 4)
( I1

8C.8D.[(n(2, 3) ( s(C,D)) ( s(C,D)]

8D.[(n(2, 3) ( s(2, D)) ( s(2, D)]
8E

(n(2, 3) ( s(2, 4)) ( s(2, 4)
8E

s(2, 4)
( E

8A.[s(2, A) ( 8B.[n(B, 1) ( s(B,A)]]

s(2, 4) ( 8B.[n(B, 1) ( s(B, 4)]
8E

8B.[n(B, 1) ( s(B, 4)]
( E

n(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

1



John believes someone left (revisited)

(1) 9x0.[person(x0) ^ believes(john, left(x0))]

john
np

believes
(np\s)/s


q0
np

�1
left
(np\s)

q0 � left
s

\E

believes � q0 � left
(np\s)

/E

john � believes � q0 � left
s

\E

�q0.john � believes � q0 � left
s|np

|I1
�q2.(q2 someone)
s|(s|np)

john � believes � someone � left
s

|E

np(0, 1)

[np(2, 3)]1
8A.[np(A, 3) ( s(A, 4)]

np(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

8B.[s(2, B) ( 8C.[np(C, 1) ( s(C,B)]]

s(2, 4) ( 8C.[np(C, 1) ( s(C, 4)]
8E

8C.[np(C, 1) ( s(C, 4)]
( E

np(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

np(2, 3) ( s(0, 4)
( I1

(np(2, 3) ( s(0, 4)) ( s(0, 4)

s(0, 4)
( E

np(2, 3) ` np(2, 3) s(2, 4) ` s(2, 4)

np(2, 3), np(2, 3) ( s(2, 4) ` s(2, 4)
L (

np(2, 3), 8A.[np(A, 3) ( s(A, 4)] ` s(2, 4)
L8

np(0, 1) ` np(0, 1) s(0, 4) ` s(0, 4)

np(0, 1), np(0, 1) ( s(0, 4) ` s(0, 4)
L (

np(0, 1), 8C.[np(C, 1) ( s(C, 4)] ` s(0, 4)
L8

np(2, 3), 8A.[np(A, 3) ( s(A, 4)], s(2, 4) ( 8C.[np(C, 1) ( s(C, 4)], np(0, 1) ` s(0, 4)
L (

np(2, 3), 8A.[np(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[np(C, 1) ( s(C,B)]], np(0, 1) ` s(0, 4)
L8

8A.[np(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[np(C, 1) ( s(C,B)]], np(0, 1) ` np(2, 3) ( s(0, 4)
R (

s(0, 4) ` s(0, 4)

8A.[np(A, 3) ( s(A, 4)], 8B.[s(2, B) ( 8C.[np(C, 1) ( s(C,B)]], np(0, 1), (np(2, 3) ( s(0, 4)) ( s(0, 4) ` s(0, 4)
L (

(2) believes(john, 9x0.[person(x0) ^ left(x0)])

john
np

believes
(np\s)/s


q0
np

�1
left
(np\s)

q0 � left
s

\E

�q0.q0 � left
s|np

|I1
�t0.(t0 someone)
s|(s|np)

someone � left
s

|E

believes � someone � left
(np\s)

/E

john � believes � someone � left
s

\E

np(0, 1)

[np(2, 3)]1
8C.[np(C, 3) ( s(C, 4)]

np(2, 3) ( s(2, 4)
8E

s(2, 4)
( E

np(2, 3) ( s(2, 4)
( I1

(np(2, 3) ( s(2, 4)) ( s(2, 4)

s(2, 4)
( E

8A.[s(2, A) ( 8B.[np(B, 1) ( s(B,A)]]

s(2, 4) ( 8B.[np(B, 1) ( s(B, 4)]
8E

8B.[np(B, 1) ( s(B, 4)]
( E

np(0, 1) ( s(0, 4)
8E

s(0, 4)
( E

np(2, 3) ` np(2, 3) s(2, 4) ` s(2, 4)

np(2, 3), np(2, 3) ( s(2, 4) ` s(2, 4)
L (

np(2, 3), 8A.[np(A, 3) ( s(A, 4)] ` s(2, 4)
L8

8A.[np(A, 3) ( s(A, 4)] ` np(2, 3) ( s(2, 4)
R (

s(2, 4) ` s(2, 4)

8A.[np(A, 3) ( s(A, 4)], (np(2, 3) ( s(2, 4)) ( s(2, 4) ` s(2, 4)
L (

np(0, 1) ` np(0, 1) s(0, 4) ` s(0, 4)

np(0, 1), np(0, 1) ( s(0, 4) ` s(0, 4)
L (

np(0, 1), 8C.[np(C, 1) ( s(C, 4)] ` s(0, 4)
L8

8A.[np(A, 3) ( s(A, 4)], (np(2, 3) ( s(2, 4)) ( s(2, 4), s(2, 4) ( 8C.[np(C, 1) ( s(C, 4)], np(0, 1) ` s(0, 4)
L (

8A.[np(A, 3) ( s(A, 4)], (np(2, 3) ( s(2, 4)) ( s(2, 4), 8B.[s(2, B) ( 8C.[np(C, 1) ( s(C,B)]], np(0, 1) ` s(0, 4)
L8

1



Proof  nets

• Natural deduction is a system which works well 
enough for proof  search (though less so when we 
include the existential quantifier and the product) 

• There is a nice alternative, a graph-based 
presentation of  proofs called proof  nets 

• Proof  search for proof  nets is very simple: we write 
down a formula decomposition tree (for each 
formula), connect leaves, then verify a condition on 
the resulting graph.



Proof  nets: logical links

�
8x.A

�
A[x := t]

+
8x.A

+
A

�
A ( B

+
A

�
B

+
A ( B

�
A

+
B



Proof  nets: all links

�
A

+

A
�
A

+

A

�
8x.A

�
A[x := t]

+

8x.A

+

A

�
9x.A

�
A

�
A⌦B

�
A

�
B

+

A⌦B

+

A
+

B

+

9x.A

+

A[x := t]

�
A ( B

+

A
�
B

+

A ( B

�
A

+

B

Table 3. Logical links for MILL1 proof structures

link, on the top right, does not have a conclusion, all logical links have a single
conclusion), the formulas drawn above the link are its premisses.

Definition 1. A proof structure is a set of polarized formulas connected by
instances of the links shown in Table 3 such that each formula is at most once
the premiss of a link and exactly once the conclusion of a link. Formulas which
are not the premiss of any link are called the conclusions of the proof structure.
We say a proof structure with negative conclusions � and positive conclusions
� is a proof structure of the statement � ` �.

Definition 2. Given a proof structure ⇧ a switching is

– for each of the par links a choice of one of its two premisses,

– for each of the universal links a choice either of a formula containing the
eigenvariable of the link or of the premiss of the link.

Definition 3. Given a proof structure ⇧ and a switching s we obtain a correc-
tion graph G by

– replacing each par link by an edge connecting the conclusion of the link to
the premiss selected by s

– replacing each universal link by an edge connecting the conclusion of the link
to the formula selected by s

Whereas a proof structure is a graph with some additional structure (paired
edges, draw as connected dotted lines for the par links, and “universal” edges,



Example: an underivable statement

8x9y.f(x, y)

9y.f(A, y)

f(A, y) f(w,B)

8w.f(w,B)

9v8w.f(w, v)



Example

8x9y.f(x, y)

9y.f(A, y)

f(A, y) f(w,B)

8w.f(w,B)

9v8w.f(w, v)



Example

8x9y.f(x, y)

9y.f(w, y)

f(w, y) f(w, y)

8w.f(w, y)

9v8w.f(w, v)



Checking correctness

8x9y.f(x, y)

9y.f(w, y)

f(w, y) f(w, y)

8w.f(w, y)

9v8w.f(w, v) ;

{w}

{w, y} {w, y}

{y}

;

y w

We erase all formulas, keeping track only of  the free variables

→



Graph contractions

vi

vj

vk)p

vi

vj

x vk)u

vi

vj

vk)c

• all links: vi ≠ vj  ; VAR(vk) = VAR(vi) ∪ VAR(vj)  
• p: two “connected” branches only 

• u: all occurrences of  x must be at vj

Conditions

Lemma a structure is correct iff  it contacts to a single vertex  
using the contractions above



Example: contractions

;

{w}

{w, y} {w, y}

{y}

;

y w

{w, y}

{w} {y}
y w



Another example

9x8y.f(x, y)

8y.f(x, y)

f(x, v) f(x, v)

9w.f(w, v)

8v9w.f(w, v) ;

{x}

{x, v} {x, v}

{v}

;
x v



Example: contractions

;

{x}

{x, v} {x, v}

{v}

;
x v

{x, v}

; ;
x v



Nijlpaarden (revisited)
C

N
ijlp

a
a
r
d
e
n

�
np(1, 2)

�
np(2, 3)

�
np(3, 4)

�
np(4, 6)

�(

+

inf(V, 6, 7,W )
�(

+

np(W 0, V )
�(

+

np(V 0,W 0)
�

s(V 0,W )

�(

+

inf(X,Y, 8, Z)
�(

+

np(X 0, X)
�

inf(X 0, Y, 7, Z)

�(

+

np(Y 0, Z 0)
�

inf(Y 0, Z 0, 8, 9)

+

s(1, 9)

Jan Henk Cecilia dn zag helpen voeren



Nijlpaarden (revisited)

�
np(1, 2)

�
np(2, 3)

�
np(3, 4)

�
np(4, 6)

�(

+

inf(V, 6, 7, 9)
�(

+

np(W 0, V )
�(

+

np(V 0,W 0)
�

s(V 0, 9)

�(

+

inf(X, 6, 8, 9)
�(

+

np(V,X)
�

inf(V, 6, 7, 9)

�(

+

np(X, 6)
�

inf(X, 6, 8, 9)

+

s(1, 9)

Jan Henk Cecilia dn zag helpen voeren



Nijlpaarden (revisited)

�
np(1, 2)

�
np(2, 3)

�
np(3, 4)

�
np(4, 6)

�(

+

inf(V, 6, 7, 9)
�(

+

np(W 0, V )
�(

+

np(V 0,W 0)
�

s(V 0, 9)

�(

+

inf(4, 6, 8, 9)
�(

+

np(V, 4)
�

inf(V, 6, 7, 9)

�(

+

np(4, 6)
�

inf(4, 6, 8, 9)

+

s(1, 9)

Jan Henk Cecilia dn zag helpen voeren



Nijlpaarden (revisited)

�
np(1, 2)

�
np(2, 3)

�
np(3, 4)

�
np(4, 6)

�(

+

inf(3, 6, 7, 9)
�(

+

np(2, 3)
�(

+

np(1, 2)
�

s(1, 9)

�(

+

inf(4, 6, 8, 9)
�(

+

np(3, 4)
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Lambek calculus  
vs first-order linear logic
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Measures of  complexity: order

• roughly speaking, the order of the formulas used in type-
logical grammars is an indication of the complexity of the 
semantic operations

• in treebanks, order 3 or 4 seems to suffice (order 4 occurs 
for gapping of auxiliaries and the copula)

order(p) = 0

order(A ( B) = max(order(A) + 1, order(B))



Measures of  complexity: width

• roughly speaking, formula width corresponds to the 
complexity of the string operations: width 2 corresponds 
to operations on strings, width 4 pairs of strings etc.

• it is a more robust notion than predicate arity

the width of  a formula is the maximum number 
of  free variables occurring in its subformulas  

constants are treated like free variables,  
connectives are treated as “synthetic” as much as possible
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PARSING



Parsing

• The proof  net calculus of  the previous section 
suggests a simple, direct implementation of  first-
order linear logic (and by translation ACGs, hybrid-
type-logical grammars, the Displacement calculus, 
etc.)
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Parsing 
What makes theorem proving/parsing complicated?

1. Lexical ambiguity (for 
more realistic, wide-
coverage grammars) 

2. Combinatorics for the 
graph connections.



Parsing

• After lexical lookup (and translation to first-order linear 
logic) we unfold the links and contract the structure as 
much as possible. 

• We need to keep track both of  the free variables and of  
the unlinked atoms in the graph.
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Dancing links

• We use an implementation of  Knuth’s simple 
“dancing links” algorithm to traverse the search 
space in a smart way. 

• In our case, it means connecting the atom which has 
the fewest possibilities (checking unifiability and 
absence of  a directed path and “islands”)



Proof  generation/transformation

• When a proof  is found, we can use the axiom 
connections and the contraction sequence to obtain 
a sequent proof  (in first-order linear logic). 

• There are optional proof  transformations to natural 
deduction for first-order linear logic, ACGs, hybrid 
type-logical grammars and the Displacement 
calculus.
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The future

• Better treatment of  lexical ambiguity, eg. à la Perrier 
e.a. but additives and chart-like strategies are other 
lines of  attack. 

• Can we cast first-order linear logic parsing as a 
constraint satisfaction problem? 

• Would a connection with dependent types be useful 
for the semantics? (Pompigne&Pogodalla, Luo) 

• More grammars



Conclusions

• First-order linear logic can be used for developing and 
testing grammars for many interesting phenomena on 
the syntax-semantics interface. 

• This gives a uniform proof  search strategy for 
different frameworks, though proof  transformations 
give us back proofs in the formalism which interests 
us. 

• Source code is freely available:
https://github.com/RichardMoot/LinearOne
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